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Overview

Quantitative social choice (cont’d)

Gibbard-Satterthwaite theorem:
manipulation cannot be avoided completely.
But what happens typically?
What is the probability of manipulation?

If f is “close” to a dictator then P (σ ∈ M (f )) can be very small.
Quantifying distance:
D (f, g) = P (f (σ) 6= g (σ)) ,

D (f, G) = min P (f (σ) 6= g (σ)) .
g∈G

Assumption: f is ε-far from nonmanipulable functions:
D (f, NONMANIP) ≥ ε.

Quantitative GS theorem:
probability of manipulation is nonnegligible.

NONMANIP is the set of functions which are monotone and either depend on
only a single coordinate, or take on at most two values.

Manipulation

Conjecture (Friedgut, Kalai, Nisan [1]). If k ≥ 3 and D (f, NONMANIP) ≥ ε,
then

−1
P (σ ∈ M (f )) ≥ poly n, k, ε−1
,

US election 2000

and a random manipulation works.
In particular: manipulation is easy on average.
Previous results:
• Friedgut, Kalai, Keller, Nisan [1]:
true for k = 3 candidates; no computational consequences.
• Isaksson, Kindler, Mossel [2]: true for k ≥ 4 candidates if the SCF is
neutral; computational consequences for neutral functions.
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Votes in Florida

Main result

Nader supporters could have voted strategically and
elected Gore.

Conjecture is true in general, for all k ≥ 3 [3].
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Main message: manipulation is easy on average!

Virtual elections as a tool in preference aggregation:
• Elections can solve planning problems in multiagent
systems (Ephrati and Rosenschein, 1991)

Masking manipulation behind computational hardness cannot hide
manipulations completely, even in the nonneutral setting.

resources

• Web metasearch engine
(Dwork et al., 2001)
search engine

search engine

search engine

meta search engine
query

response

Threat of manipulation relevant, since software agents
• have computing power,
• have no moral obligation to act honestly.

• Anonymity vs. neutrality. There is a known conflict between anonymity
and neutrality, due to tie-breaking rules. Most common voting rules are
anonymous, and hence not neutral.
• Nonneutrality in virtual elections. Consider web (meta-)search engines,
as seen on the left; here various restrictions violate the neutrality assumption. E.g., if one searches in child-safe mode, then the top-ranked webpage cannot have adult content.
• Nonneutrality in real-life elections. Sometimes a candidate is on the
ballot, but is actually ineligible. One curious story is that of the New York
State Senate elections in 2010, where the name of a dead man appeared
on the ballot (he received 828 votes).

Basic setup
Proof ideas

• n voters, k candidates
• Vote of voter i denoted by σi ∈ Sk
• Social Choice Function (SCF) f : Skn → [k] selects a
winner: σ = (σ1, . . . , σn) 7→ f (σ).
Focus on manipulation by a single voter:
Definition. The SCF f is manipulable by voter i if there
exist two ranking profiles σ = (σi, σ−i) and σ 0 = σi0 , σ−i
 σi
0
such that f σ > f (σ).
Ideal: nonmanipulable SCF. Impossibility result:
Theorem (Gibbard-Satterthwaite). Every SCF that takes
on at least three values and is not a dictator is manipulable.

Is there a way around manipulation?
Two main lines of research:
• Hardness of manipulation. Are there SCFs where it
is hard to manipulate?
• Quantitative social choice. What happens typically? What is the probability of manipulation?

Quantitative social choice
Random rankings. We make the
impartial culture assumption,
i.e., assume a uniform distribution over ranking profiles.
Rephrasing the GS theorem: if f takes on at least 3
values and is not a dictator, then
1
P (σ ∈ M (f )) ≥
n,
(k!)
where

M (f ) = σ ∈ Skn : some voter can manipulate f at σ .
If manipulation is so unlikely, perhaps we do not care?

Then the original GS theorem tells us that f˜ is manipulable,
and so there must exist a manipulation point of f which agrees
with σ in all but the first two coordinates.
Fibers. A ranking profile σ and alternatives a and b induce a
vector of preferences

xa,b (σ) ∈ {−1, 1}n

between a and b. We can then partition the vertex set V into
so-called fibers: subsets of ranking profiles where the vector
of preferences between a and b are the same (this idea is due
to Friedgut et al. [1]).
We distinguish two types of fibers: large and small:
A fiber w.r.t. preferences between a and b is large if almost all of
a,b
the ranking profiles in this fiber lie on the boundary B1 , and
small otherwise.
a,b

Since the boundary B1 is large
• either there is big mass on the large fibers

Importance of removing neutrality

– engines = voters,
web pages = candidates

Proof ideas (cont’d)

Rankings graph.
G = (V, E), where
vertices: V = Skn, the set
of all ranking profiles,

0
edges: σ, σ
∈ E iff
σ and σ 0 differ in exactly
one coordinate.

Boundaries. The SCF f : Skn → [k] naturally partitions V into k subsets. Since
every manipulation point must be on
the boundary between two such subsets, we are interested in the size of
such boundaries.
a,b

Bi : boundary between f −1 (a) and
f −1 (b) in voter i.
Lemma. (Isaksson et al. [2]) There are at least two large boundaries;
a,b
a,c
in the following assume that these are B1 and B2 .
a,b
a,c
Finding manipulation points. Suppose now that σ ∈ B1 ∩ B2 .

• or big mass on the small fibers
w.r.t. preferences between a and b. Similarly for the boundary
a,c
B2 and fibers w.r.t. preferences between a and c.
Large fiber case and reverse hypercontractivity. Suppose
there is big mass on the large fibers for both boundaries.
For a ranking profile σ, being in a fiber w.r.t. preferences between a and b only depends on xa,b (σ), which is a uniform bit
vector. Similarly, being in a fiber w.r.t. preferences between a
and c only depends on xa,c (σ). Moreover, we know the exact
correlation between the coordinates of xa,b (σ) and xa,c (σ).
reverse hypercontractivity applies
a,b

a,c

...the intersection of the large fibers of B1 and B2 is also large.
From the definition of a large fiber it follows that the interseca,b
a,c
tion of the boundaries B1 and B2 is large as well. We can then
find many manipulation points as detailed above.
Small fiber case. Here we use various isoperimetric techniques, including the canonical path method.
A refined geometry. The approach above gives bounds involv1 factors. To get inverse polynomial dependence on k, we
ing k!
use a refined approach, similar to that
in Isaksson et al. [2]. Use

a refined rankings graph, where σ, σ 0 ∈ E iff σ and σ 0 differ by
a single adjacent transposition in exactly one coordinate.

Open questions
• Tight bounds? Our techniques do not lead to tight bounds.
When discussing tight bounds there are various different
ways to measure the manipulability of a function: in terms
of the probability of having manipulating voters, in terms of
the expected number of manipulating voters, etc.
• Which “acceptable” function minimizes manipulation?
Find, in some natural subsets of functions, the one that minimizes manipulation. E.g., among anonymous SCFs, which
function minimizes the expected number of manipulating
voters?
• Other distributions? What if the distribution over rankings
is not i.i.d. uniform?

References
[1] E. Friedgut, G. Kalai, N. Keller, and N. Nisan. A Quantitative Version
of the Gibbard-Satterthwaite Theorem for Three Alternatives. SIAM J.
Comput., 40(3):934–952, 2011. Extended abstract appeared in the Proceedings of the 49th Annual Symposium on Foundations of Computer Science
(FOCS), p. 243-249, 2008.
[2] M. Isaksson, G. Kindler, and E. Mossel. The geometry of manipulation:
A quantitative proof of the Gibbard-Satterthwaite theorem. Combinatorica, 32(2):221–250, 2012. Extended abstract appeared in the Proceedings
of the 51st Annual Symposium on Foundations of Computer Science (FOCS),
p. 319-328, 2010.
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