From trees to seeds: on the inference of the seed from large random trees
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Microsoft Research and Princeton Univ.

Microsoft Research

Univ. of Pennsylvania and UC Berkeley

UC Berkeley

sebubeck@microsoft.com

roneneldan@gmail.com

mossel@stat.berkeley.edu

racz@stat.berkeley.edu

Statistical inference in non-equilibrium networks
Apple’s inventor network over a 6-year period. Source: Kenedict.

Measuring the influence of the seed

Comparing PA and UA

• A crude measure: limit as a countably infinite tree.
In this sense the seed has no influence for PA or UA.
(But for superlinear attachment (α > 1), see Oliveira, Spencer (2005).)
• A finer measure: weak local limit (Benjamini-Schramm).
In this sense again the seed has no influence for PA or UA. See Rudas, Tóth, Valkó (2007)
(PA trees) and Berger, Borgs, Chayes, Saberi (2014) (in general) for weak local limits.
• A much finer measure: total variation distance.

Preferential attachment:
the degrees of v` and vr are unbalanced in S but balanced in T ,
and this likely remains so throughout the process.

δPA(S, T ) := lim TV(PA(n, S), PA(n, T ))
n→∞

Given the current state of a network,
what can we say about a previous state?

H0 : R ∼ PA(n, S),

H1 : R ∼ PA(n, T )

Q: test with asymptotically (in n) non-negligible power?

Randomly growing trees

UA heuristics: global balancedness properties

Preferential attachment:
dTn (u)
P (un = u) =
2n − 2

Main results
Theorem (Bubeck, Mossel, Rácz [1]).
If the degree profiles of S and T are different, and both have at least 3 vertices, then

Uniform attachment:
1
P (un = u) =
n

δPA (S, T ) > 0.

In general:
dTn (u)
P (un = u) =
Z

Uniform attachment:
the subtree sizes under v` and vr are unbalanced in S but balanced in T ,
and this likely remains so throughout the process.

Hypothesis testing question:

α

Many other tree growth models... and graph growth models in general.

Theorem (Curien, Duquesne, Kortchemski, Manolescu [2]).
If S and T are non-isomorphic and both have at least 3 vertices, then

Fτ (T ) :=

δPA (S, T ) > 0.

ϕ u∈τ

Theorem (Bubeck, Eldan, Mossel, Rácz [3]).
If S and T are non-isomorphic and both have at least 3 vertices, then

Influence of the seed

XYh

i
fϕ(u) (T )

`(u)

Combinatorial interpretation:
# decorated embeddings

Heuristic:
• embeddings that are “central” contribute the most;
• captures global balancedness properties of the tree.

δUA (S, T ) > 0.

Open questions and further directions
Every seed has an influence, both in PA and in UA.
• The same question for growing graphs in general. What if multiple edges are
added at each time step?

PA heuristics: maximum degree and related statistics
Replacement matrix 21 01 ;
initial condition: depends on the seed S.
Rescaled degrees converge almost surely:
√ n→∞
dPA(n,S) (i) / n −−−−→ Di (S)
√ n→∞
∆ (PA (n, S)) / n −−−−→ Dmax (S)
Dmax (S) = max Di (S)


seed S10

PA (n = 500, S10)

UA (n = 500, S10)

Degree evolution governed by Pólya urns


2n − 2 − dPA(n,S) (i) , dPA(n,S) (i)

i≥1

See Móri (2005), Janson (2006), Peköz, Röllin, Ross (2013, 2014).

The distribution of Dmax depends on the seed S!
seed P10

PA (n = 500, P10)

UA (n = 500, P10)

Lemma (Tail behavior of the maximum degree).
Let S be a finite tree and let m := |{i ∈ {1, . . . , |S|} : dS (i) = ∆ (S)}|. Then


P (Dmax (S) > t) ∼ m × c (|S| , ∆ (S)) t1−2|S|+2∆(S) exp −t2/4
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as t → ∞, where the constant c is explicit.
Corollary (Distinguishing seeds). If |S| − ∆ (S) 6= |T | − ∆ (T ), then δPA (S, T ) > 0.
XY
The approach of Curien et al. for general seeds:
[dT (ϕ (u))]`(u)
Dτ (T ) :=
ϕ u∈τ
Combinatorial interpretation: # decorated embeddings

Heuristic:
• large degree nodes contribute the most;
• captures geometric structure of large degree nodes.

• Other models of randomly growing graphs. Is δα (S, T ) > 0 for α ∈ (0, 1)? Is it
monotone in α? Is it convex? What about other models?
• Estimation. Given a large network, what can be said about the seed? Relaxations of the general estimation question are worth studying. Suppose the seed is
known; can a relatively small subset of the large network be found such that it is
guaranteed to be a superset of the seed w.h.p.?
• The effect of extra information. What if we have partial information about the
age of nodes? Can we say more about the seed in this case?
• The effect of noise. What if only a noisy copy of the network is observed? Can
different seeds still be distinguished?
• Adversarial actions. Can an adversary remove the remnants of the seed by only
minor modifications to the graph?
• Applications...
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